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Algebraic Approach to the Hulthen Potential
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In this paper the energy eigenvalues and the corresponding eigenfunctions are calculated
for Hulthen potential. Then we obtain the ladder operators and show that these operators
satisfy SU (2) commutation relation.
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1. INTRODUCTION

In the recent years, Lie algebraic methods have been the subject of the interest
in many of fields of physics. For example the algebraic methods provide a way to
obtain wave functions of polyatomic molecules (van Roosmalen et al., 1982, 1983,
1984; Iachello and Oss, 1991; Iachello and Levine, 1995; Iachello and Ibrahim,
1998). These methods provide a description to Dunham-type expansions and to
force-field variational methods (Iachello and Oss, 1996). It is clear that systems
displaying a dynamical symmetry can be treated by algebraic methods (Arima
and Iachello, 1974; Perelomov, 1985; Wybourne, 1974; Cooper, 1993). To see
the ladder operators of a quantum system with some important potentials such as
Morse potential the Pöschel-Teller one, the pseudo harmonic one, the infinitely
square-well one and other quantum systems refer to Dong et al. (2002), Dong
and Lemus (2002), Dong (2002a,b), Dong and Ma (2002a,b), Dong and Dong
(2002a,b), Dong (2003, 2004), Dong et al. (2003).

We know that the symmetry and degeneracy of the states of a system are asso-
ciated with each other. For example, a system that possesses rotational symmetry is
usually degenerate with respect to the direction of the angular momentum, i.e. with
respect to the eigenvalues of a particular component. Beyond the degeneracies aris-
ing, say, in rotational symmetry there is the possibility of degeneracies of different
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origin. Such degeneracies are to be expected whenever the Shrodinger equation
can be solved in more than one way, either in different coordinate system, or in a
single coordinate system which can be oriented in different directions. From our
present considerations we should expect these degeneracies to be associated with
some symmetry, too. The nature of these symmetries is not geometrical. They are
called dynamical symmetries, since they are the consequence of particular forms
of the Shrodinger equation or of the classical force law.

In this paper we study the dynamical symmetry for the Hulthen potential, by
another algebraic approach. The Hulthen potential (Hulthen, 1942a,b) is one of the
important short-range potentials in physics. This potential is a special case of the
Eckart potential (Eckart, 1930) which has been widely used in several branches
of physics and its bound-state and scattering properties have been investigated
by a variety of techniques (see e.g., Varshni (1990) and references therein). We
establish the creation and annihilation operators directly from the eigenfunctions
for this system, and that the ladders operators construct the dynamical algebra
SU (2).

2. SCHRÖDINGER EQUATION WITH HULTHEN POTENTIAL

The Hulthen potential has the following form (Hulthen, 1942a,b; Flügge,
1999)

V (r) = −V0
e− r

a

1 − e− r
a

(1)

where V0 = Ze2 and a are constant parameters. If the potential is used for atoms,
the Z is identified with the atomic number. In order to calculate the energy eigen-
values and the corresponding eigenvalues and the corresponding eigenfunctions,
the potential function given by Eq. (1) is substituted into the Schrödinger equation:(

− h2

2M

d2

dr2
− V0

e− r
a

1 − e− r
a

)
ψn(r) = Enψn(r) (2)

By change of coordinate as x = r
a

, and introducing the following parameters

εm = Em

V0
,

h2

2M
a2 = V0 (3)

Now, we can rewrite Eq. (2) as(
d2

dx2
+ e−x

1 − e−x

)
ψn(x) = −εnψn(x) (4)

We would like to consider the bound states with

εn = −s2 (5)
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We rewrite Eq. (4) by using a new variable of the form y = e−x ,{
y2 d2

dy2
+ y

d

dy
+

(
−s2 + y

1 − y

)}
ψn(y) = 0 (6)

The boundary conditions areas following linenomath

φn(y)|y=0 = 0 (7)

φn(y)|y=1 = 0 (8)

The solution of Eq. (6) are as follow:

φn(y) = ys(1 − y){A 2F1(s + 1 +
√

s2 + 1, s + 1 −
√

s2 + 1, 2s + 1; y)
+ By−2s

2F1(−s + 1 +
√

s2 + 1, −s + 1 −
√

s2 + 1, −2s + 1; y)} (9)

where A, and B are constant coefficients. Using the first boundary condition (7),
B = 0. Now to consider the second boundary condition (8), we expand the hyper-
geometric function 2F1(a, b, c; y) near the y = 1 (Lebedev, 1972)

2F1(s + 1 +
√

s2 + 1, s + 1 −
√

s2 + 1, 2s ′ + 1; y)

= �(2s ′ + 1)�(ε − 1)

�(s − √
s2 + 1 + ε)�(s + √

s2 + 1 + ε)

2F1(s + 1 +
√

s2 + 1, s + 1 −
√

s2 + 1, 2s ′ + 1; 1 − y)

+ (1 − y)ε−1 �(2s ′ + 1)�(ε − 1)

�(s + 1 + √
s2 + 1)�(s + 1 − √

s2 + 1)

× 2F1(s −
√

s2 + 1 + ε, s +
√

s2 + 1 + ε, ε; 1 − y) (10)

where ε = 2(s ′ − s). Also we have

2F1(a, b, ε; 1 − y) = 1 + ab

ε
(1 − y) + · · · (11)

Now we consider the limit ε → 0 of Eq. (10), the first term of (10) in this limit
will be finite, if

s −
√

s2 + 1 = −n, n = 0, 1, 2, . . . (12)

then we have following relation for the first term of (10) in the limit ε → 0

lim
ε→0

�(ε − 1)

�(ε − n)
= (−1)n+1n! (13)

Due to the relation (12), in second term of Eq. (10), �(s + 1 − √
s2 + 1) = (−n)!

whit is infinite unless s − √
s2 + 1 = 0, in this case using Eq. (11), we can write
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Table I. This Table Shown Four Normalization Fac-
tor of Eq. (16)

n Nn

1
√

3 + 11s + 12s2 + 4s3

2 1+2s
2

√
30 + 47s + 24s2 + 4s3

3 1+3s+2s2

3

√
105 + 107s + 36s2 + 4s3

4 3+11s+12s2+4s3

12

√
252 + 191s + 48s2 + 4s3

the second term of (10):

lim
ε→0, y→1

(1 − y)−1 �(2s + 1)

�(s + 1 + √
s2 + 1)

×
{

1 + ε(s + 1 + √
s2 + 1 + ε)

ε
(1 − y) + · · ·

}
∝ (1 − y)−1 (14)

Then above relation is divergent when y → 1, then the n could not take the zero
value, in another term

s −
√

s2 + 1 = −n, n = 1, 2, . . . (15)

Finally we obtain following expression for the wave function

ψn(y) = Nny
s(1 − y)2F1(2s + 1 + n, 1 − n, 2s + 1; y) (16)

where the normalization factor is given by

Nn =
{∫ 1

0
dy y2s(1 − y)2

2F
2
1 (2s + 1 + n, 1 − n, 2s + 1; y)

}− 1
2

(17)

some values of Nn for different n are given in the Table I. Using Eqs. (5,15) we
have

εn = −s2 = −
(

n2 − 1

2n

)2

(18)

then using Eq. (3), one can determine the energy eigenvalues En as

En = −V0

(
n2 − 1

2n

)2

, n = 1, 2, . . . (19)

in this case the energy level is not equidistant.
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3. LADDER OPERATORS FOR THE HULTHEN POTENTIAL

In this section we address the problem of finding creation and annihilation
operators for the Hulthen wave function (16), namely, we intend to find different
operators L̂± with following property:

L̂± ψn(y) = l± ψn(y) (20)

we start by establishing the action of the differential operator d
dy

on the Hulthen
wave functions

d

dy
ψn(y) = d

dy
(Nny

s(1 − y) 2F1(2s + 1 + n, 1 − n, 2s + 1; y))

=
(

s

y
− 1

1 − y

)
ψn(y)

+Nny
s(1 − y)

d

dy
(2F1(2s + 1 + n, 1 − n, 2s + 1; y)) (21)

To obtain the wanted result, we use the following relations (Lebedev, 1972)

d

dx
2F1(a, b, c; x) = ab

c
2F1(a + 1, b + 1, c + 1; x) (22)

a

c
x 2F1(a + 1, b + 1, c + 1; x) = 2F1(a, b + 1, c; x) − 2F1(a, b, c; x) (23)

(a − b) 2F1(a, b, c; x) + a 2F1(a + 1, b, c; x) + b 2F1(a, b + 1, c; x) = 0 (24)

(a − b)(1 − x) 2F1(a, b, c; x) + (c − a) 2F1(a − 1, b, c; x)

− (c − a) 2F1(a, b − 1, c; x) = 0 (25)

Using Eq. (22), we obtain following relation for last term of (21):

d

dy
(2F1(2s + 1 + n, 1 − n, 2s + 1; y))

= (2s + 1 + n)(1 − n)

(2s + 1)
2F1(2s + 1 + (n + 1), 1 − n + 1, 2s + 1 + 1; y) (26)

Now we use Eqs. (23)–(25) to satisfy the above relation

d

dy
(2F1(2s + 1 + n, 1 − n, 2s + 1; y))

= (2s + n + 1)

y

{
(2s + n)

(1 − y)(2s + 2n + 1)
2F1(2s + 1 + (n + 1), 1 − (n + 1), 2s + 1; y)

+
(

(n + 1)

(1 − y)(2s + 2n + 1)
− 1

)
2F1(2s + 1 + (n), 1 − (n), 2s + 1; y)

}
(27)
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By substituting the above realtion in Eq. (21) we obtain

d

dy
ψn(y) =

(
s

y
− 1

1 − y
+ 2s + n + 1

y

(
(n + 1)

(1 − y)(2s + 2n + 1)
− 1

))
ψn(y)

+
(

(2s + n + 1)(2s + n)

y(1 − y)(2s + 2n + 1)

)
Nn

Nn+1
ψn+1(y) (28)

we can rewrite the above equation in the standard form (20)[
y(1 − y)

d

dy
+ y − s(1 − y) + (1 − y)(2s + n + 1)

(
(n + 1)

(1 − y)(2s + 2n + 1)
− 1

)]

×
(

2s + 2n + 1

2s + n + 1

)
ψn(y) = (2s + n)

Nn

Nn+1
ψn+1(y) (29)

therefor we have following relation for the creation operator

L̂+ =
[
y(1 − y)

d

dy
+ y − s(1 − y) + (1 − y)(2s + n + 1)

×
(

(n + 1)

(1 − y)(2s + 2n + 1)
− 1

) ]
×

(
2s + 2n + 1

2s + n + 1

)
(30)

satisfying the equation

L̂+ ψn(y) = l+ ψn+1(y) (31)

with

l+ = (2s + n)
Nn

Nn+1
(32)

Similarly one can obtain the annihilation operator as

L̂− =
[

− y(1 − y)
d

dy
− y + s(1 − y) + (1 − y)(n − 1)

×
(

1 − (2s + n − 1)

(1 − y)(2s + 2n − 1)

)]
×

(
2s + 2n − 1

n − 1

)
(33)

with the following effect over the wave functions:

L̂− ψn(y) = l− ψn−1(y) (34)

where

l− = (n)
Nn

Nn−1
(35)

We now study the algebra associated to the operators L̂+ and L̂−. Based on results
(31,34) we can calculate the commutator [L̂+, L̂−]:

[L̂+, L̂−]ψn(y) = 2(n + s)ψn(y) (36)
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we can define the operator

L̂0 = (n̂ + s) (37)

where n̂ is the number operator

n̂ ψn(y) = nψn(y) (38)

thus the operator L̂0 has the following eigenvalue

l0 = n + s (39)

Thus the operators L̂±, L̂0 satisfy the commutation relations:

[L̂−, L̂+] = 2L̂0, [L̂0, L̂−] = −L̂−, [L̂0, L̂+] = L̂+ (40)

Which correspond to the SU (2) group for the Hulthen potential.

4. CONCLUSION

In this paper, we have calculated the exact bound-state energy eigenvalues
and the corresponding eigenfunctions of the Hulthen potential. We have shown
that the energy level is not equidistant in this case. Then we have obtained the
raising and lowering operators and we have shown that SU (2) is the dynamical
group associated with the bounded region of the spectrum.
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